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Abstract

A composed circular cylinder\ formed by a core circular cylinder\ containing a crack and enclosed by a
layered hollow circular cylinder\ is investigated in regard to the evaluation of stress intensity factors[ Analytic
solutions to the problem are provided\ with which the upper and lower bounds of stress intensity factors in
a cracked circular cylinder\ the stress distribution in a layered hollow circular cylinder\ and the stress intensity
factors for a crack in the composed circular cylinder can precisely be determined[ Numerical materials\
demonstrating the discrete values of the stress intensity factors\ as well as the general pattern according to
which the stress intensity factors vary with the material and geometric constants\ are presented[ The solutions
are developed based on a simpli_ed and modi_ed solution to the Hilbert problem\ and the matrix presentation
and manipulation of functions and variables\ used in the circuit theory[ Þ 0888 Elsevier Science Ltd[ All
rights reserved[

0[ Introduction

The present article mainly concerns with a crack embedded in a circular cylinder\ which is
enclosed by a number of hollow circular cylinders of di}erent thicknesses and materials[ Due to
the rising application of composite materials\ this problem is of practical signi_cance in composite
material engineering as well as of theoretical interest in heterogeneous elasticity[

A primitive and special form of our problem\ is a radial crack contained in a circular cylinder
with a free or traction circumferential boundary[ The problem has been considered by Bowie and
Neal "0869#\ Rooke and Tweed "0861#\ Delale and Erdogan "0871#\ Shangchow "0872\ 0877# and
others\ by the use of the methods of modi_ed collocation\ integral transform\ dislocation modelling
and alternating procedure[ Recently\ a more complicated problem\ that is\ a cracked circular
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cylinder enclosed by another circular cylinder of di}erent material\ has been discussed by Xu
"0882#[ On the other hand\ despite that a fairly large amount of publications exist on this subject\
investigations dealing with cracked circular cylinders seem having been largely restricted to the
case of a single cylinder with a simple "prescribed traction or free# circumferential boundary[

This article extends the investigation on this subject to a fully heterogeneous case\ where the
cracked circular cylinder is enclosed by an arbitrary number of circular cylinders of di}erent
geometries and materials[ This model is of direct interest in the fracture analysis of components of
composite materials^ moreover\ by a suitable selection of the geometry and material assortment of
the enclosing circular cylinders\ it can be used to simulate a single cracked circular cylinder with a
circumferential boundary\ which is elastically constrained by a support with an arbitrary ~exibility[

To solve the problem\ _rst a solution is developed for an elastic medium having a crack\ on
whose surfaces normal traction is prescribed[ This solution contains a su.ciently large number of
undetermined coe.cients\ which can be adjusted to cater for any types of boundary geometries
and boundary conditions of the elastic cracked medium\ provided there is no stress singularity in
the medium except at the crack tips[ As a very preliminary illustration\ this solution is used to
solve the problem of a cracked circular cylinder with a free or _xed circumferential boundary[

On the other side of the development\ the boundary value problem of a layered hollow circular
cylinder\ consisting of an arbitrary number of sub!circular cylinders of di}erent geometries and
materials\ is considered\ and an exact and succinct solution in matrix form is worked out[ This
solution is e}ective\ since it virtually reduces the considered heterogeneous problem into a homo!
geneous one of a single hollow circular cylinder[

The cracked circular cylinder and the layered hollow circular cylinder are now assembled by
perfect bonding to form a composed circular cylinder with a crack[ The two solutions mentioned
above are accordingly combined and matched\ to yield a solution to the problem of the crack in
the composed circular cylinder[ This solution is rigorous and\ as manifested in a number of
numerical examples\ amenable to numerical manipulation[

The solutions are developed by using a modi_ed and simpli_ed solution to the Hilbert problem
"Muskhelishvili\ 0842\ 0845#\ and the matrix presentation and manipulation of functions and
variables\ originally employed in the electric circuit theory "Carslaw and Jaeger\ 0848#[

1[ Crack problem and solution

An in_nite medium containing a crack of length bÐa is shown in Fig[ 0[ The medium is stressed
in a plane strain or plane stress state by boundary tractions\ imposed on the crack surfaces and
expressed by

sy � f"t#\ txy � 9\ "0#

where t denotes the x coordinate on the crack\ a ¾ t ¾ b\ and f"t# is an arbitrarily given\ real
continuous function[

It is known that the stresses in the problem can be determined from the two analytic functions\
F"z# and V"z#\ de_ned in the split medium and satisfying the following equations "Muskhelishvili\
0842#
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Fig[ 0[ The in_nite medium and the crack[

ðF"t#¦V"t#Ł¦¦ðF"t#¦V"t#Ł− � 1f"t#\ "1#

ðF"t#−V"t#Ł¦−ðF"t#−V"t#Ł− � 9\

on the crack surfaces[ One can easily see that F�"z# and V�"x#\ the particular solutions to eqns
"1#\ are simply

F�"z# � V�"z# � f"z#:1[ "2#

The nonvanishing\ homogeneous solution of eqns "1#\ denoted as Fh"z# and Vh"z#\ is now sought[
Since\ as can be seen from the second of eqns "1#\ F"z#−V"z# is a function holomorphic over the
whole plane\ it must be a polynomial "Macrobert\ 0844#

F"z#−V"z# � a9¦a0z¦a1z
1¦= = =¦amzm[ "3#

Substituting eqns "2\ 3# into the _rst of eqns "1# yields

F¦
h "t#¦F−

h "t# � a9¦a0t¦a1t
1¦= = =¦amtm[ "4#

The particular and nonvanishing homogeneous solutions to the above eqn "4# are\ respectively\

F�h"z# �"a9¦a0z¦a1z
1¦= = =¦amzm#:1\ "5#

and

Fhh"z# �"c9¦c0z¦c1z
1¦= = =¦cnz

n#:X"z#\ "6#

where c9\ c0\ [ [ [ \ cn are constants and X"z# stands for a single!valued branch of function
z"z−a#"z−b#\ speci_ed by

ðX"z#Ł−0 �"B9¦B0:z¦B1:z
1¦= = =#:z\ "7#

where B9\ B0\ [ [ [ are real constants given in the Appendix[
Equations "5\ 6# complete the solution of eqn "4#[ Consequently\ the _nal form of the solution

to the problem\ turns out to be
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F"z# �
f "z#
1

¦
a9¦a0z¦= = =¦amzm

1
¦

c9¦c0z¦= = =¦cnz
n

X"z#
\

F"z# �
f "z#
1

−
a9¦a0z¦= = =¦amzm

1
¦

c9¦c0z¦= = =¦cnz
n

X"z#
[ "8#

To guarantee that the displacement in the problem is single!valued\ or equivalently\ the dis!
placement increment around a closed contour enclosing the crack vanishes\ by dint of the following
formula "Muskhelishvili\ 0842#

1m"u¦iv# � k gF"z# dz−gV"z¹# dz¹−"z−z¹#F"z#\ "09#

the following equation

c9B9¦c0B0¦= = =¦cnBn � 9 "00#

must hold as a supplement to eqn "8#[ In eqn "09#\ k � 2−3n for plane strain\ "2−n#:"0¦n# for
plane stress\ m stands for the shear modulus and n is the Poisson|s ratio of the material[

Since the geometry and the external loading in the problem are symmetric to the x!axis\ a simple
analysis discloses that all the constant coe.cients a9\ a0\ [ [ [ \ am and c9\ c0\ [ [ [ \ cn are real[ Moreover\
when the y!axis is also an axis of symmetry\ there must be

a0 � a2 � a4 � = = = � 9\ c9 � c1 � c3 � = = = � 9[ "01#

The solution "8#\ "00# is developed by following the basic line of Muskhelishvili\ who\ by the use
of the integral of Cauchy|s type\ furnished a solution to eqns "1# in relatively complicated formulae
"Muskhelishvili\ 0842\ 0845#[ The solution derived herein is simple in form\ and has been obtained
elementarily and directly[ Besides\ the polynomial with coe.cients ai\ included in eqns "8#\ con!
siderably extends the capability of the solution in solving crack problems in plane elasticity[

In previous studies\ wherein solutions to eqns "1# are concerned\ terms with coe.cients ci ðsee
eqns "8#Ł are so determined as to guarantee stress regularity at in_nity and to satisfy eqn "00#[ In
fact\ these terms are useful and of particular interest in solving crack problems with elastically
constrained boundaries\ as can be seen from the following two special cases[

Consider the case when a crack\ shown in Fig[ 1 and opened by the normal traction sy � f"t#
ðsee eqn "0#Ł\ is embedded radially and centrally in a circular cylinder of unit radius and with a
free boundary[ To this problem the general solution "8#\ "00# applies\ but the coe.cients ai and ci

contained therein should be determined via the free boundary condition on the circumferential
boundary[ To do this\ we suppose the y!axis is also a symmetric axis to the problem\ and expand
f"t# into a polynomial of t such as

f "t# � s
1S

n�9\1\3\[[[

fnt
n\ "02#

all other cases can be treated similarly[ Substitution of eqns "8#\ "00#\ "02# into the following
formulae "Muskhelishvili\ 0842#

sr−itru � F"z#¦F"z#−e1iu ð"z¹−z#F?"z#−F"z#¦FÞ"z#Ł\ sr−itru = =z=�0 � 9 "03#
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Fig[ 1[ The circular cylinder and the crack[

results in an equation\ whose one side vanishes\ while the other side stands for the sum of various
terms of Aq eiqu\ where q � 9\ 21\ 23\ [ [ [ [ To satisfy the equation\ Aq\ the coe.cient of each term\
must be zero[ This gives]

a9¦1 s
n

k�9

"B1k−B1k¦1#c1k¦0 � −f9\

pa1p−1¦
0−1p

1
a1p¦ s

n

k�9

ð"0−1p#B1k−1p¦1"p−0#B1k−1p¦1¦B1k¦1pŁc1k¦0

�
1p−0

1
f1p−pf1p−1\

a1p

1
¦ s

n

k�9

ðB1k−1p¦"1p¦0#B1k¦1p−1"p¦0#B1k¦1p¦1Łc1k¦0 � −
f1p

1
\ "04#

where p − S\ p � 0\ 1\ [ [ [ \ n¦0\ Bj � 9 for j ³ 9 and f1p � 9 for p × S[
The unknown coe.cients a9\ a1\ [ [ [ \ a1n¦1 and c0\ c2\ [ [ [ \ c1n¦0 can now be determined from eqns

"04#[ In this\ as well as in the following case\ the single!valuedness condition of displacement\ eqn
"00#\ is automatically satis_ed[

This is a problem involving multiple boundaries[ Previously it was solved essentially by the
superposition of two di}erent solutions] "a# one for a crack embedded in an in_nite medium\ and
"b# the other for a solid circular cylinder without any crack[ The solution developed herein seems
an exceptional one\ in the sense that it consists of merely one solution\ the solution "a#[

Next consider the problem when the outer boundary is _xed[ In this case\ using eqn "09# for
=z= � 0\ u¦iv � 9 and following a procedure analogous to that for the free boundary case\ the
following equations are established\ to _x the unknown constants a9\ a1\ [ [ [ \ a1n and c0\ c2\ [ [ [ \ c1n¦0]
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0
1

ðk−d"p−0#Ła1p−1¦ s
n

k�9

ðkB1k−1p¦1¦1pB1p¦1k¦"0−1p#B1p¦1k−1Łc1k¦0

�
0
1

ðd"p−0#−kŁ f1p−1\

1p−0
1

a1p−pa1p−1¦ s
n

k�9

ðkB1p¦1k¦"1p−0#B1k−1p−1"p−0#B1k−1p¦1Łc1k¦0

� 0
0
1

−p1 f1p¦"p−0# f1p−1\ "05#

where p � 0\ 1\ [ [ [ \ n¦0[ In eqn "05#\ d"p−0# stands for a function de_ned as

d"p−0# � 6
0\ p � 0^
9\ p � 0[

"06#

The material presented in this section is based on the Muskhelishvili method[ But we derive the
solution "8# through simpler steps and present it in a simpler form[ In addition\ the solution "02#Ð
"06# for a circular cylinder containing a crack has been obtained by a method\ uniquely developed
in this article[

2[ Layered circular cylinder problem and solution

Figure 2 shows a layered hollow circular cylinder\ consisting of N layers of di}erent materials[
Its traction boundary value problem is now investigated[

Fig[ 2[ The layered hollow circular cylinder[
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Since the solution for a homogeneous hollow circular cylinder is known "Muskhelishvili\ 0842#\
that for the layered cylinder can be obtained\ exactly and straightforwardly\ by directly combining
the homogeneous solutions\ and using continuity conditions of displacement and traction at the
interfaces of di}erent layers[ However\ this approach may lead to tedious computations and
cumbersome formulas[ A succinct and exact form of the solution is therefore desirable[ For which
we _rst consider the following two subsidiary problems[

Subsidiary Problem A[ Consider the innermost layer cylinder individually and separately[ Sup!
pose on its inner surface\ where r � R9\ tractions as well as displacements are expressed by

sr−itru � s
�

−�

Ak eiku\ 1m0"u¦iv# � s
�

−�

Bk eiku\ "07#

under the condition that both of them are symmetric to the x!axis[ As a result\ all the coe.cients
Ak and Bk in eqns "07# must be real[

It is known "Muskhelishvili\ 0842# that the stresses and displacements in this layer cylinder can
be determined from two stress functions\ F"z# and C"z#\

F"z# � s
�

−�

akz
k\ C"z# � s

�

−�

bkz
k\ "08#

where ak and bk are real\ through the following two formulae

sr−itru � F"z#¦F"z#−e1iu ðz¹F?"z#¦C"z#Ł\

1m0"u¦iv# � k0 gF"z# dz−zF?"z#−gC"z# dz¹[ "19#

Substituting eqns "08# into "19# and using eqns "07#\ expressions for ak|s and bk|s are obtained
as follows]

a−0 �
A0R9

0¦k0

\ a9 �
0

0¦k0 0A9¦
B0

R91 \

a0 �
1k0A0

"0¦k0#R9

log R9−
B9

R1
9

\

b−0 � −
k0R9A0

0¦k0

\ b−1 �
1R9B0

0¦k0

¦
0−k0

0¦k0

R1
9A9\

b−2 �
1"0¦k0 log R9#R2

9A0

"0¦k0#
−B9R

1
9−A−0R

2
9\ "10#

for n � 1\ 2\ 3\ [ [ [ \

an �
R9A−n¦"0¦n#Bn¦0

"0¦k0#Rn¦0
9

\ a−n �
ðR9An¦"0−n#B0−nŁRn−0

9

"0¦k0#
\
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bn−1 �
"0−n#R9A−n−k0R9An¦"0−n1#B0¦n¦"0−n#B0−n

"0¦k0#Rn−0
9

\

b−n−1 �
Rn¦0

9 ð"0¦n#R9An−k0R9A−n¦"0−n1#B0−n¦"0¦n#B0¦nŁ
0¦k0

[ "11#

All the above coe.cients are determined by comparing and equating similar terms of eiqu

"q � 9\ 20\ 21\ [ [ [# in eqns "19#\ when eqns "08# are substituted into eqns "19# and a reference is
made of eqns "07#[ However\ in _xing a−0 and b−0\ the single!valuedness condition of displacement\
in the form of

k0a−0¦b−0 � 9\ "12#

has been used[ Besides\ it is found that the coe.cient b−2 must satisfy the following two equations

b−2 � 1R1
9a−0¦R3

9a0−R2
9A−0\ b−2 � 1R1

9a−0−k0R
3
9a0¦1R1

9B1[ "13#

To identify the above two equations and therefore render b−2 in a uni_ed form as shown in eqns
"10#\ the following relation

"1k0R9 log R9#A0−"0¦k0#B9 � R9A−0¦1B1 "14#

must hold\ as a constraint on the coe.cients Ak and Bk in eqns "07#[
The _rst one of eqns "07# explicitly prescribes the external tractions applied on r � R9[ The

second one\ while specifying the displacements on the same boundary\ implicitly prescribes the
external tractions on r � R0\ the other boundary[ The external tractions applied on the two
boundaries must form an equilibrium system[ This requirement necessitates the relation "14#[

If the external load is also symmetric to the y!axis\ then it is easy to see that

A20 � A22 � A24 � = = = � 9\ B9 � B21 � B23 � = = = � 9\

a20 � a22 � a24 � = = = � 9\ b20 � b22 � b24 � = = = � 9[ "15#

Subsidiary Problem B[ In this subsidiary problem we treat two adjoining layer cylinders num!
bered j and j¦0 in the layered hollow cylinder[ The coe.cients a" j¦0#

k and b" j¦0#
k in the two basic

stress functions

Fj¦0"z# � s
�

−�

a" j¦0#
k zk\ Cj¦0"z# � s

�

−�

b" j¦0#
k zk\ "16#

for the " j¦0#th layer cylinder are determined\ providing that the corresponding coe.cients a" j#
k

and b" j#
k for the ith layer cylinder are known[ The stresses and displacements in both the layer

cylinders are supposed to be symmetric with respect to the x!axis\ and kja
" j#
−0¦b" j#

−0 � 9 holds to
guarantee a single!valued displacement _eld within the jth layer cylinder[

Since the bonding between the two layer cylinders is perfect\ continuity in stresses and dis!
placements occurs at the interface r � Rj[ Substituting Fj\ Cj and Fj¦0\ Cj¦0\ respectively\ into the
_rst one of eqns "19# for =z= � Rj results in a pair of equations[ Another pair of equations are
obtained\ when these stress functions are substituted into the second one of eqns "19# for =z= � Rj[
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Comparing and equating similar terms of eiqu "q � 9\ 20\ 21\ [ [ [# respectively\ in the two pairs of
equations\ expressions for a" j¦0#

k and b" j¦0#
k are obtained as follows]

$
a" j¦0#

9

b" j¦0#
−1 %�

0
mj"0¦kj¦0#

× $
1mj¦"kj−0#mj¦0 "mj¦0−mj#:R1

j

1R1
j ðmj"0−kj¦0#−mj¦0"0−kj#Ł 1"mj¦0−mj#¦mj"0¦kj¦0#% $

a" j#
9

b" j#
−1%\

K

H

H

H

H

k

a" j¦0#
0

a" j¦0#
−0

b" j¦0#
−0

b" j¦0#
−2

L

H

H

H

H

l

�

K

H

H

H

H

k

E " j¦0#
00 E " j¦0#

01 E " j¦0#
02 E " j¦0#

03

E " j¦0#
10 E " j¦0#

11 E " j¦0#
12 E " j¦0#

13

E " j¦0#
20 E " j¦0#

21 E " j¦0#
22 E " j¦0#

23

E " j¦0#
30 E " j¦0#

31 E " j¦0#
32 E " j¦0#

33

L

H

H

H

H

l

K

H

H

H

H

k

a" j#
0

a" j#
−0

b" j#
−0

b" j#
−2

L

H

H

H

H

l

\

for n � 1\ 2\ [ [ [ \

K

H

H

H

H

k

a" j¦0#
n

a" j¦0#
−n

b" j¦0#
n−1

b" j¦0#
−n−1

L

H

H

H

H

l

�

K

H

H

H

H

k

F " j¦0#
00 F " j¦0#

01 F " j¦0#
02 F " j¦0#

03

F " j¦0#
10 F " j¦0#

11 F " j¦0#
12 F " j¦0#

13

F " j¦0#
20 F " j¦0#

21 F " j¦0#
22 F " j¦0#

23

F " j¦0#
30 F " j¦0#

31 F " j¦0#
32 F " j¦0#

33

L

H

H

H

H

l

K

H

H

H

H

k

a" j#
n

a" j#
−n

b" j#
n−1

b" j#
−n−1

L

H

H

H

H

l

\ "17#

where E " j¦0#
ij and F " j¦0#

ij are real constants\ generally depending on mj\ mj¦0\ kj\ kj¦0 and Rj[ Their
explicit expressions are given in the Appendix[

In establishing the _rst equation of eqns "17#\ the single!valuedness condition of displacement
for the " j¦0#th layer cylinder\ in a form analogous to eqn "12#\ has been used[ In addition\ as is
discussed in the preceding subsidiary problem\ the following relation

$"kj−kj¦0−0#
mj¦0

mj

¦0%R3
j a

" j#
0 ¦61 00−

mj¦0

mj 1¦log Rj $
mj¦0

mj

kj"0¦kj¦0#−1kj¦0%7R1
j a

" j#
−0

� 00−
mj¦0

mj 1 b" j#
−2¦log Rj $

mj¦0

mj

"0¦kj¦0#−1kj¦0%R1
j b

" j#
−0 "18#

must hold to secure the two adjoining layer cylinders in a static equilibrium state[ In the special
case of mj¦0 � mj and kj¦0 � kj\ relation "18# virtually disappears\ since it reduces to the single!
valuedness condition of displacement for the jth layer cylinder\ which has already been satis_ed[

Also\ the following equations

a" j#
20 � a" j#

22 � a" j#
24 � = = = � 9\ b" j#

20 � b" j#
22 � b" j#

24 � = = = � 9\

a" j¦0#
20 � a" j¦0#

22 � a" j¦0#
24 � = = = � 9\ b" j¦0#

20 � b" j¦0#
22 � b" j¦0#

24 � = = = � 9 "29#

hold\ when the stress state in the jth layer cylinder\ and consequently that in the " j¦0#th one\ are
also symmetric to the y!axis[

Now turn to considering the traction boundary problem of the layered hollow circular cylinder\
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assuming that at the boundary\ r � R9\ it is stressed by an external load distribution symmetric to
the x!axis\ while the other boundary\ r � RN\ is traction free[ The case that the boundary\ r � RN\
is also a loaded one can be treated similarly with superposition[

From eqns "17# it is observed that the coe.cients a" j#
k and b" j#

k are divided into three groups\
a" j#

9 \ b" j#
−1^ a" j#

−0\ b" j#
−0\ b" j#

−2 and a" j#
n \ a" j#

−n\ b" j#
n−1\ b" j#

−n−1^ decoupled from each other[ For instance\ for
n − 1\ a" j¦0#

n \ a" j¦0#
−n \ b" j¦0#

n−1 and b" j¦0#
−n−1 are determined by a" j#

n \ a" j#
−n\ b" j#

n−1 and b" j#
−n−1 alone\ and vice

versa[ Meantime\ the coe.cients a"0#
n \ a"0#

−n\ b"0#
n−1 and b"0#

−n−1 relate reciprocally only to An\ A−n\ B0¦n

and B0−n in eqns "11#[ On account of this\ the problem can be treated individually for the following
three cases[

"0# A9 is given to prescribe the tractions at r � R9\ and B0 should be sought to determine the basic
functions F"z# and C"z#[ Other Ai|s and Bi|s vanish[

In this case only two kinds of the coe.cients\ a" j#
9 and b" j#

−1\ are concerned[ Using eqns "10#\ "17#\
the following equation comes out straightforwardly

$
a"N#

9

b"N#
−1%� ðQ "N−0#Ł ðQN−1#Ł = = = ðQ "0#Ł ðQ "9#Ł $

A9

B0%\ "20#

where ðQ"i#Ł\ i � 0\ 1\ [ [ [ \ N−0 stands for the 1×1 matrix in the _rst of eqns "17# with j � i\
ðQ"9#Ł is a 1×1 matrix\ whose elements are

ðQ "9#
00 \ Q "9#

01 \ Q "9#
10 \ Q "9#

11 Ł �"0¦k0#−0 ð0\ 0:R9\"0−k0#R1
9\ 1R9Ł[ "21#

On the other hand\ since the boundary r � RN is traction free\ we have

ð1 −0:R1
n Ł ða"N#

9 b"N#
−1ŁT � 9[ "22#

Therefore\ multiplying both sides of eqn "20# with ð1 −0:R1
NŁ results in a linear algebraic

equation to determine the unknown B0[ All coe.cients\ a"i#
9 and b"i#

−1\ can subsequently be _xed by
using eqns "10#\ "17#[
"1# A−0 and A0 are given\ B9 should be sought[ Other Ai|s and Bi|s vanish[

In this case only a"i#
0 \ a"i#

−0\ b"i#
−2 and b"i#

−2 are involved[ However\ the coe.cient A−0 represents a
static inequilibrium traction system acting at r � RN^ and the only parameter B9 cannot be adjusted
to eliminate the two stress components\ sr and tru\ at r � rN[ As a result\ to retain the boundary
r � RN a traction free one both A−0 and A0 must be vanishing[
"2# An and A−n "n � 1\ 2\ [ [ [# are given\ B0¦n\ B0−n "n � 1\ 2\ [ [ [# should be sought[ Other Ai|s and
Bi|s vanish[

In this case only a"i#
n \ a"i#

−n\ b"i#
n−1 and b"i#

−n−1 are involved[ To solve the problem we _rst write\
mainly by repeatedly using the last of eqns "17#\

ða"N#
n \ a"N#

−n\ b"N#
n−1\ b"N#

−n−1ŁT � ðL0Ł ðB0¦n B0−nŁT¦ðL1Ł ðAn A−nŁT\ "23#

where

ðLkŁ � ðF "N−0#Ł ðF "N−1#Ł = = = ðF "0#Ł ðH "k#Ł\ k � 0\ 1\ "24#

and ðH"k#Ł are 3×1 matrix\ whose elements can easily be determined from eqns "11# and are given
in the Appendix[
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Fig[ 3[ The composed circular cylinder and the crack[

The traction!free condition on the surface r � RN gives]

ðMŁ ða"N#
n a"N#

−n b"N#
n−1 b"N#

−n−1ŁT � 9\ "25#

where ðMŁ is a 1×3 matrix\ whose elements can be _xed from the free boundary condition through
the _rst of eqns "19# and are given in the Appendix[

Substituting eqn "23# into "25#\ with some simple manipulations yields

$
B0¦n

B0−n%� −"ðMŁ ðL0Ł#−0"ðMŁ ðL1Ł# $
An

A−n% [ "26#

Utilizing the obtained values of B0¦n and B0−n in eqns "11#\ an\ a−n\ bn−1 and b−n−1 are determined\
and this solves the problem[

In this section the displacements and stresses in the adjoining layer cylinders are linked by the
continuity conditions in the form of matrix formulas[ As indicated in the introduction section\
using matrix to link various quantities of adjoining components in a system seems _rst being
employed in the electric circuit theory\ later this approach has also been used in structural dynamics
and other disciplines[ The content of this section is technically new\ since it is the _rst time to
combine the complex function method and the matrix presentation to yield the exact solution for
a circular cylinder composed of layer cylinders[

3[ A crack in a composite circular cylinder

Consider a composite circular cylinder\ consisting of the layered hollow circular cylinder\ shown
in Fig[ 2\ and a cracked circular cylinder by perfect bonding\ as depicted in Fig[ 3[ We treat the
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case when the outer boundary of the composite circular cylinder is traction free and the x!axis is
a symmetric axis to the problem[ All other cases can be treated similarly with superposition[

To solve the problem\ suppose that normal traction acting on the crack surfaces is prescribed
by

f "t# � s
n

i�9

fit
i\ "27#

and write F"z# and C"z#\ in the form of eqn "08#\ as the two basic stress functions for the cracked
circular cylinder\ valid in the region =z= × =a=\ =b=[ The latter can be written by using solution "8#
and the following formula "Muskhelishvili\ 0842#

C"z# � VÞ"z#−F"z#−zF?"z#[ "28#

As a result\ each coe.cient ai or bi in the two stress functions can be expressed via a linear
combination of the unknown constants ai and ci in eqn "8#\ and the given coe.cients fi in eqn "27#[
In matrix form\ this linear combination is written as

ðRŁ � ðP "0#Ł ðGŁ¦ðP "1#Ł ðQŁ\ "39#

where ðRŁ\ ðGŁ and ðQŁ are 3n×0 matrices and

ðRŁ � ða9\ b−1\ a0\ b−2\ a1\ a−1\ b9\ b−3\ a2\ a−2\ b0\ b−4\ [ [ [ \ an\ a−n\ bn−1\ b−n−1ŁT\

ðGŁ � ða9\ c9\ a0\ c0\ a1\ c1\ [ [ [ \ a1n−0\ c1n−0ŁT\

ðQŁ � $f9\ f0\ f1\ [ [ [ \ fn\ 9\ 9\ [ [ [ \ 9
zxxv
2n−0 entries

%
T

\ "30#

where P"0# and P"1# are 3n×3n matrices\ whose elements can easily be determined by using eqns
"7#\ "8#\ "27#\ and are given in the Appendix[ The coe.cients a−0 and b−0\ being vanishing ones
due to the single!valuedness condition "00#\ are not included in ðRŁ[

Equation "39# gives the coe.cients ai and bi for the cracked circular cylinder\ which will be
denoted as a"9#

i and b"9#
i [ By repeatedly using eqns "17#\ a"N#

i and b"N#
i \ the coe.cients for the outer

layer cylinder\ can be determined from a"9#
i and b"9#

i via the following formula

ðR "N#Ł � ðE "N−0#Ł ðE "N−1#Ł [ [ [ ðE "0#Ł ðE "9#Ł ðRŁ\ "31#

where ðR"N#Ł is a 3n×0 matrix\ obtained from ðRŁ by replacing ai and bi with a"N#
i and b"N#

i \
respectively^ ðE"i#Ł\ i � 9\ 0\ [ [ [ \ N−0\ are square matrices of order 3n[ They are in fact overall
matrices\ assembled from sub!matrices presented in eqns "17#[ As illustrations\ we have

E "N−0#
00 �

1mN−0¦"kN−0−0#mN

mN−0"0¦kN#
\ E "N−0#

01 �
mN−mN−0

R1
N−0mN−0"0¦kN#

\ E "N−0#
44 � F "n#

00\

E "9#
00 �

1m9¦"k9−0#m0

m9"0¦k0#
\ E "9#

01 �
m0−m9

R1
9m9"0¦k9#

\ E "9#
44 � F "0#

00 �
m9¦m0k9

m9"0¦m0#
"32#

other elements of ðE "i#Ł can be written down similarly[
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Table 0
Numerical values of normalized stress intensity factors KI:"s9za#

a 9[9 9[0 9[1 9[2 9[3 9[4 9[5 9[6 9[7 9[8

Free boundary 0[9999 0[9049 0[9599 0[0245 0[1320 0[2761 0[4672 0[7392 1[1273 2[9271
Fixed boundary 0[9999 9[8741 9[8326 9[7720 9[7014 9[6285 9[5586 9[5943 9[4359 9[3731

Since the outer boundary is free\ we have

ðSŁ ðR "N#Ł � 9 "33#

where ðSŁ is a 3n×3n matrix\ whose elements can be found by using the free boundary condition
and the _rst of eqns "19#\ and are presented in the Appendix[ Note the single!valuedness of the
displacement has automatically been satis_ed in this formulation[

Finally\ substituting eqns "39#\ "31# into "33# and carrying out some simple manipulations\ the
following equation is obtained to _x the basic unknown matrix ðGŁ

ðGŁ � ðT0Ł ðT1Ł ðQŁ\ "34#

where

ðT0Ł � "ðSŁ ðE "N−0#Ł ðE "N−1#Ł [ [ [ ðE "9#Ł ðP "0#Ł#−0\

ðT1Ł � −ðSŁ ðE "N−0#Ł ðE "N−1#Ł [ [ [ ðE "9#Ł ðP "1#Ł[ "35#

Once ðGŁ is determined\ displacements and stresses in the cracked circular cylinder can be found
from eqns "8#\ "09#\ "03#\ and those in the layer cylinders are _xed successively by applying eqns
"08#Ð"11#\ "17#[

4[ Computation practice and discussion

In this section a number of numerical results\ worked out from the solutions developed in the
preceding sections\ are presented to corroborate that the developed solutions are valid in analysis\
and amenable to numerical treatment in computation practice to yield knowledge and information
of engineering interest[

The stress intensity factors for a circular cylinder of unit radius having a central crack of length
1a\ and with a free or _xed outer boundary\ are given in Table 0\ when the crack surfaces are
opened by a uniform compressive traction of magnitude s9[ These values represent the upper "free
boundary# and lower "_xed boundary# bounds of the stress intensity factor of a cracked circular
cylinder with an elastically constrained outer boundary[ The obtained numerical values of stress
intensity factors for the free outer boundary can be compared with those recorded in literature
"Shangchow\ 0872#\ with the result of a complete agreement[

The solution developed in Section 2 for a layered hollow circular cylinder is of basic signi_cance
in the mechanics of composite materials[ The numerical results associated with the solution belong



X[ Zhan`\ N[ Hasebe : International Journal of Solids and Structures 25 "0888# 2668Ð26862681

Fig[ 4[ Numerical values of normalized circumferential stress −su =r�R9
:s0"sr =r�R9

� s0#[

Fig[ 5[ Numerical values of normalized circumferential stress su =r�R9\u�9:s0"sr =r�R9
� 1s0 cos 3u#[

to a layered hollow circular cylinder\ of inner radius R9 � 0 and outer radius RN � 1\ consisting
of N � 1\ 3\ [ [ [ \ 099 layer hollow circular cylinders of uniform thickness\ with m0 � m2 � = = = � mN−0\
m1 � m3 � = = = � mN\ n0 � n1 � = = = � nN � 0:2[ The following traction boundary conditions

r � R9\ sr � s0\ or 1s0 cos 3u\ tru � 9^ r � RN\ sr � tru � 9 "36#

are considered\ and the value of su =r�R9\u�9 is selected to represent the stress distribution within
the layered cylinder as shown in Figs 4 and 5[

It is seen from the _gures that in both cases "sr � s0 and 1s0 cos 3u#\ the values of su approach
a stationary value for large N[ For sr � s0\ which is a simple mode of traction distribution\ the
approaching is monotonic[ While for sr � 1s0 cos 3u\ the approaching is relatively slow\ and has a
turn at small N shown by points[ This fact indicates that the stress distribution in the layered
cylinder de_nitely approach a stationary one as the number N increases[ It is this stationary stress
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Fig[ 6[ Numerical values of normalized stress intensity factors[

Table 1
Numerical values of normalized stress intensity factors KI:"s9za#

a 9[9 9[0 9[1 9[2 9[3 9[4 9[5 9[6 9[7 9[8

N 3 0[9999 0[9997 0[9923 0[9975 0[9054 0[9164 0[9396 0[9430 0[9516 0[9378
7 0[9999 0[9909 0[9933 0[9006 0[9199 0[9214 0[9365 0[9522 0[9642 0[9556

01 0[9999 0[9900 0[9937 0[9003 0[9101 0[9232 0[9499 0[9555 0[9799 0[9631
05 0[9999 0[9901 0[9949 0[9007 0[9107 0[9240 0[9401 0[9572 0[9715 0[9681
19 0[9999 0[9901 0[9940 0[9019 0[9111 0[9246 0[9408 0[9583 0[9731 0[9711
39 0[9999 0[9902 0[9942 0[9013 0[9118 0[9256 0[9423 0[9604 0[9763 0[9775
59 0[9999 0[9902 0[9943 0[9015 0[9120 0[9260 0[9439 0[9611 0[9774 0[9897
79 0[9999 0[9902 0[9943 0[9015 0[9122 0[9262 0[9431 0[9615 0[9780 0[9808

099 0[9999 0[9902 0[9943 0[9016 0[9122 0[9263 0[9433 0[9617 0[9783 0[9815

distribution that can be used to accurately describe the deformation behavior of a periodically
stacked layered structure[

The cracked circular cylinder\ of shear modulus m9\ and the layered hollow circular cylinder\
both having been considered above\ are now perfectly bonded to each other to form a composed
circular cylinder shown in Fig[ 3[ Numerical values of stress intensity factor are _rst evaluated for
the special case m0 � m1\ that is\ when the layered hollow circular cylinder is a homogeneous one[
The result is shown in Fig[ 6[ Computations are then made on another case\ where m0:m9 � 1[9 and
m1 � m9 with di}erent values of N\ the layer number[ The result is shown in Table 1[

It is seen from Fig[ 6 that values for m0:m9 � 9 " free boundary# and �" _xed boundary# stand
for the upper and lower bounds of the stress intensity factors\ respectively[ In Table 1\ the
phenomenon that when N becomes large\ KI approaches a stationary value is once again observed[
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These numerical data\ highly accurately computed for a fully heterogeneous elastic object\ manifests
the e}ectiveness and usefulness of an analytic method[

Our analytical development as well as numerical practice has been carried out on the basis that
the problem is symmetric to the x!axis[ However\ with some obvious algebraic manipulations it is
easy to do to extend the result into the case\ when the problem is antisymmetric to the x!axis[ The
solution to the general case then can be obtained by the superposition of these two types of
solutions[ On the other hand\ while this investigation considers a composed cylinder made of
di}erent and isotropic materials\ the basic procedure developed in the solution can also be used to
deal with composed cylinders consisting of di}erent and anisotropic materials\ especially for
materials that are orthotropic with respect to the axial\ radial and circumferential directions[

Appendix

"A# Expressions for the real coe.cients Bi in eqn "7#

B9 � 0\ Bn � s
n

k�9

akbn−k\ n � 1\ 2\ [ [ [ \

a9 � b9 � 0\ "an\ bn# �
"1n−0#;;

"1n#;;
"an\ bn#\ n � 0\ 1\ [ [ [ [ "A0#

"B# Expressions for the elements E " j¦0#
mn in eqn "17#

E " j¦0#
00 �

mj¦0

mj

\ E " j¦0#
01 �

log Rj

R1
j 0

1kj¦0

0¦kj¦0

−
mj¦0kj

mj 1\

E " j¦0#
02 �

log Rj

R1
j 0

mj¦0

mj

−
1kj¦0

0¦kj¦01\ E " j¦0#
03 � 9\

E " j¦0#
10 � E " j¦0#

13 � 9\ E " j¦0#
11 � −E " j¦0#

12 �
0

0¦kj¦0

\

E " j¦0#
20 � E " j¦0#

23 � 9\ E " j¦0#
21 � −E " j¦0#

22 � −
kj¦0

0¦kj¦0

\

E " j¦0#
30 � R3

j 0
mj¦0

mj

−01\ E " j¦0#
31 � R1

j $log Rj 0
1kj¦0

0¦kj¦0

−
mj¦0kj

mj 1−
1kj¦0

0¦kj¦0%\

E " j¦0#
32 � R1

j $log Rj 0
mj¦0

mj

−
1kj¦0

0¦kj¦01−
1

0¦kj¦0%\ E " j¦0#
33 � 0[ "A1#

"C# Expressions for the elements F " j¦0#
mn in eqn "17#

F " j¦0#
00 �

mj¦mj¦0kj

mj"0¦kj¦0#
\ F " j¦0#

01 �
0¦n

R1n
j

=
mj−mj¦0

mj"0¦kj¦0#
\
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F " j¦0#
02 � 9\ F " j¦0#

03 �
mj¦0−mj

mj"0¦kj¦0#R1n¦1
j

\

F " j¦0#
10 �

"0−n#R1n
j

0¦kj¦0 00−
mj¦0

mj 1\ F" j¦0#
11 � F " j¦0#

00 \

F " j¦0#
12 �

R1n−1
j

0¦kj¦0 0
mj¦0

mj

−01\ F " j¦0#
13 � 9\

F " j¦0#
20 �

"0−n#R1
j

0¦kj¦0 $0−kj¦0−
mj¦0

mj

"0−kj#%\

F " j¦0#
21 �

R1−1n
j

0¦kj¦0 $"n1−0# 0
mj¦0

mj

−01¦
kjmj¦0

mj

−kj¦0%\

F " j¦0#
22 �

mj¦0¦mjkj¦0

mj"0¦kj¦0#
\ F " j¦0#

23 �
0−n

"0¦kj¦0#R1n
j 0

mj¦0

mj

−01\

F " j¦0#
30 �

R1n¦1
j

0¦kj¦0 $"0−n1# 00−
mj¦0

mj 1−kj¦0¦
kjmj¦0

mj % \

F " j¦0#
31 �

"0¦n#R1
j

0¦kj¦0 $0−kj¦0¦
mj¦0

mj

"kj−0#%\

F " j¦0#
32 �

"0¦n#R1n
j

0¦kj¦0 0
mj¦0

mj

−01\ F " j¦0#
33 � F " j¦0#

22 [ "A2#

"D# Expressions for the elements H "k#
ij in eqn "24#

H "0#
00 �

0¦n

"0¦k0#Rn¦0
9

\ H "0#
01 � H "0#

10 � 9\ H "0#
11 �

"0−n#Rn−0
9

0¦k0

\

H "0#
20 �

0−n1

"0¦k0#Rn−0
9

\ H "0#
21 �

"0−n#

"0¦k0#Rn−0
9

\

H "0#
30 �

"0¦n#Rn¦0
9

0¦k0

\ H "0#
31 �

"0−n1#Rn¦0
9

0¦k0

\

H "1#
00 � H "1#

11 � 9\ H "1#
01 �

0

"0¦k0#Rn
9

\ H "1#
10 �

Rn
9

0¦k0

\

H "1#
20 � −

k0

"0¦k0#Rn−1
9

\ H "1#
21 �

0−n

"0¦k0#Rn−1
9

\

H "1#
30 �

"0¦n#Rn¦1
9

"0¦k0#
\ H "1#

31 � −
k0R

n¦1
9

"0¦k0#
[ "A3#
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"E# Expressions for the elements Mij in eqn "25#

M00 � "0−n#Rn
N\ M01 � R−n

N \ M02 � −Rn−1
N \ M03 � 9\

M10 � Rn
N\ M11 �"0¦n#R−n

N \ M12 � 9\ M13 � −R−"n¦1#
N [ "A4#

"F# Expressions for the elements P "0#
ij in eqn "39#

P "0#
0\0 � 0:1\ P "0#

0\1i � Bi−1\ i � 1\ 2\ [ [ [ \ 1n^

P "0#
1\1i � 1Bi\ i � 0\ 1\ [ [ [ \ 1n^

P "0#
2\2 � 0:1\ P "0#

2\1i � Bi−2\ i � 2\ 3\ [ [ [ \ 1n^

P "0#
3\1i � 2Bi¦0\ i � 0\ 1\ [ [ [ \ 1n^

for j � 0\ 1\ [ [ [ \ n−0\

P "0#
3j¦0\1j¦2 � 0:1\ P "0#

3j¦0\1"i¦j¦2# � Bi\ i � 9\ 0\ [ [ [ \ 1n−j−2^

P "0#
3j¦1\1i � Bi¦j−0\ i � 0\ 1\ [ [ [ \ 1n^

P "0#
3j¦2\1j−0 � −"0¦j#:1\ P "0#

3j¦2\1"i¦j¦2# �"0−j#Bi\ i � 9\ 0\ [ [ [ \ 1n−j−2^

P "0#
3j¦3\1i � "2¦j#Bi¦j−0\ i � 0\ 1\ [ [ [ \ 1n[ "A5#

All other elements that do not appear in the above expressions are zero elements[

"G# Expressions for the elements P "1#
ij in eqn "39#

P "1#
0\0 � 0:1\ P "1#

2\2 � 0:1^

for j � 0\ 1\ [ [ [ \ n−0\ P "1#
3j¦0\j¦1 � 0:1^

for j � 1\ 2\ [ [ [ \ n−0\ P "1#
3j¦2\j �"0−j#:1[ "A6#

All other elements that do not appear in the above expressions are zero elements[

"H# Expressions for the elements Sij in eqn "33#

S0\0 � 1\ S0\1 � −R−1
N \ S1\2 � RN\ S1\3 � −R−2

N ^

for i � 1\ 2\ [ [ [ \ 1n\

S1i−0\3i−2 � "0−i#Ri
N\ S1i−0\3i−1 � R−i

N \ S1i−0\3i−0 � −Ri−1
N ^

S1i\3i−2 � Ri
N\ S1i\3i−1 �"0¦i#R−i

N \ S1i\3i � −R−i−1
N [ "A7#

All other elements that do not appear in the above expressions are zero elements[
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